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Abstract
We characterize the boundedness and the compactness of composition operators acting on the weighted
Bloch space Blog, generalizing previous results and answering to a question of R. Yoneda.
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1. Introduction
Let D be the unit disc on the complex plane, ∂D its boundary, H(D) be the space of analytic
functions on D and dm(z) be the normalized Lebesgue area measure. The space of analytic
functions on D such that
‖f ‖Blog =
∣∣f (0)∣∣+ sup
z∈D
∣∣f ′(z)∣∣(1 − |z|2) log 2
(1 − |z|2) < ∞
is called weighted Bloch space (Blog). For 0 < p ∞, the Hardy space Hp is the Banach space
of analytic functions on D such that
‖f ‖pHp = sup
r∈[0,1)
1
2π
2π∫
0
∣∣f (reiθ )∣∣p dθ < ∞, 0 < p < ∞,
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‖f ‖H∞ = sup
z∈D
∣∣f (z)∣∣.
We say that f ∈ H(D) belongs to BMOAlog if f ∈ H 2 and has weighted bounded mean oscilla-
tion, i.e.
‖f ‖BMOAlog = sup
I⊆∂D
(log 2|I | )
2
|I |
∫
S(I)
∣∣f ′(z)∣∣2 log 1|z| dm(z) < ∞,
where S(I) = {z ∈ D: 1 − |I | |z| < 1, z|z| ∈ I } is the Carleson square of the arc I and |I | its
length.
Blog and BMOAlog first appeared in the study of boundedness of the Hankel operators on the
Bergman space A1 = {f ∈ H(D): ∫
D
|f (z)|dm(z) < ∞} and the Hardy space H 1, respectively.
BMOAlog also appeared in the study of a Volterra type operator. For more details see [1,3,7].
If φ :D → D is analytic, the composition operator induced by φ is
Cφ(f ) = f ◦ φ, f ∈ H(D).
In [12], Yoneda studied the composition operators from Blog to itself and to BMOAlog. He de-
scribed fully the boundedness and the compactness in the first case and he found one sufficient
and a different necessary condition for the boundedness of the composition operators in the sec-
ond case. So, it is natural to ask for the appropriate conditions that characterize boundedness and
compactness of the composition operators Cϕ :Blog → BMOAlog.
In this work we consider as Qplog, p > 0, the spaces of analytic functions on the unit disk, such
that
‖f ‖∗ = sup
I⊂∂D
(log 2|I | )
2
|I |p
∫
S(I)
∣∣f ′(z)∣∣2(log 1|z|
)p
dm(z) < ∞. (1)
By definition it is immediate that BMOAlog is exactly Q1log. In [9], the above relation helped
to describe the pointwise multipliers of the Möbius invariant Banach spaces Qp , p ∈ [0,1],
consisting of f ∈ H(D), such that
‖f ‖2Qp =
∣∣f (0)∣∣2 + sup
α∈D
∫
D
∣∣f ′(z)∣∣2gp(z,α)dm(z) < ∞, (2)
where g(z,α) = log 1|φα(z)| is the Green’s function and φα(z) = α−z1−αz . For more details on these
spaces see for example [2] and the two monographs [10,11].
In Section 2, we find a necessary condition for the Taylor coefficients of a function in Blog
and a sufficient condition for the coefficients of a special case of Hadamard gap series in order to
belong in Blog. We also deal with random power series. Finally we prove a sufficient condition
in order a Blaschke product to belong in Blog.
In Section 3, using the results for the Hadamard gap series and following a technique used
before in the Bloch space [6], we construct two functions f,g ∈ Blog such that, for each z ∈ D,∣∣f ′(z)∣∣+ ∣∣g′(z)∣∣ C
(1 − |z|) log 2
(1−|z|)
,
where C is a positive constant. Using this fact we prove the following theorems:
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sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z) < ∞.
Theorem 1.2. Let p > 0. Then Cϕ :Blog → Qplog is compact if and only if ϕ ∈ Qplog and
lim
r→1 supα∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z) = 0.
For the case p > 1, since Qplog equals Blog, our conditions are equivalent to the corresponding
ones that Yoneda proves for Cϕ :Blog → Blog. For p ∈ (0,1] the above results are the answer to
the question posed in [12]. We also generalize the result of the boundedness of a composition
operator in Blog by describing the boundedness and compactness of a weighted composition
wCϕ :Blog → Blog, where w is an analytic function on D.
In what follows A  B means that there exist positive constants C1,C2 such that C1A 
B  C2A.
2. The Qplog spaces
In order to understand better these spaces we need the following definition introduced in [13].
A positive Borel measure on D is called an s-logarithmic, p-Carleson measure (p, s > 0) if
sup
I⊆∂D
μ(S(I))(log 2|I | )
s
|I |p < ∞.
In [13] it is proved that μ is an s-logarithmic, p-Carleson measure on D if and only if
sup
α∈D
(
log
2
1 − |a|2
)s ∫
D
∣∣φ′α(z)∣∣p dμ(z) < ∞. (3)
Using techniques well known to mathematicians we can prove the following two propositions.
For this reason we omit the details.
Proposition 2.1. Let p > 0. Then the following are equivalent:
(i) f ∈ Qplog.
(ii) supα∈D(log 21−|α|2 )2
∫
D
|f ′(z)|2(1 − |φα(z)|2)p dm(z) < ∞.
(iii) supα∈D(log 21−|α|2 )2
∫
D
|f ′(z)|2gp(z,α)dm(z) < ∞.
It is also true that
Proposition 2.2. If p > 1, then the following are equivalent:
(i) f ∈ Blog.
(ii) f ∈ Qplog.
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∫
D
|f ′(z)|2(1 − |φα(z)|2)p(log 21−|z|2 )2 dm(z) < ∞.
(iv) supα∈D
∫
D
|f ′(z)|2gp(z,α)(log 21−|z|2 )2 dm(z) < ∞.
The proof of Proposition 2.2 is similar to that of Corollary 1.4 in [9].
It is easy to see that Qplog are Banach spaces under the norm
‖f ‖Qplog =
∣∣f (0)∣∣+ sup
α∈D
(
log
1
1 − |α|2
){∫
D
∣∣f ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
} 1
2
.
In the following proposition, which is similar to Lemma 3.1 in [8], we find a necessary condi-
tion for the Taylor coefficients of a function in Blog and a sufficient condition for the coefficients
of a special case of Hadamard gap series in order to belong in Blog.
Proposition 2.3.
(i) If f (z) =∑k0 akzk ∈ Blog, then
lim sup
k→∞
|ak| log k < ∞.
(ii) Let f (z) =∑k0 akznk ∈ H(D), where nk is a sequence of positive integers with the prop-
erty nk+1
nk
= λ > 1. Then
lim sup
k→∞
|ak| lognk < ∞ ⇒ f ∈ Blog.
Proof. (i) Since
ak = 12πk
2π∫
0
f ′
(
reiθ
)
r1−kei(1−k)θ dθ,
we have
|ak| 12πk
2π∫
0
∣∣f ′(reiθ )∣∣r1−k dθ  ‖f ‖Blogr1−k
k(1 − r) log 11−r
.
If we choose r = 1 − 1
k
, then
lim sup
k→∞
|ak| log k  e‖f ‖Blog .
(ii) Without loss of generality, we may assume that nk > 1. For each k,
nk+1 lognk
nk lognk+1
= nk+1
nk
(
1 + log
nk+1
nk
lognk
)−1
= λ
(
1 + logλ
lognk
)−1
.
For each 	 ∈ (0,1) there is an index k0 such that
nk+1 lognk
n logn
 (1 − 	)λ, k  k0. (4)
k k+1
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|zf ′(z)| log 11−|z|
1 − |z|  C
( ∑
nn0
( ∑
nkn
nk
lognk
)
|z|n
)(∑
n0
|z|n
n + 1
)
,
where C is a positive constant. Let k′ be the positive integer such that nk′  n nk′+1. We fix an
1 − 1
λ
> 	 > 0. So we get an index k0 such that (4) holds. If k′ > k0,∑
nkn
nk
lognk

∑
kk0
nk
lognk
+ n
logn
∑
k0<kk′
1
((1 − 	)λ)k′−k
 C′ n
logn
+ n
logn
.
1
(1 − 	)λ − 1 ,
where C′ is a positive constant since we have finite terms in the first sum. Thus
|zf ′(z)| log 11−|z|
1 − |z| M
(∑
n3
n
logn
|z|n
)(∑
n0
|z|n
n + 1
)
Λ |z|
(1 − |z|)2
which gives the desired estimate. The case k′  k0 is contained above. 
We can also prove a sufficient and a necessary conditions in order random power series belong
in Blog. Let f (z, t) = ∑n0 aneitnzn, where an  0, t = (t1, t2, . . .) and tn (n = 0,1, . . .) are
independent random variables with uniform distribution on [0,2π]. It is known [15, pp. 270,
287] the following
Lemma 2.1. Let rn  0 and suppose that
Mn(t) = max|z|=1
∣∣∣∣∣
n∑
ν=0
rνe
itν eiνθ
∣∣∣∣∣, σ 2n =
n∑
ν=1
r2ν .
Then, with probability 1,
lim sup
n→∞
Mn(t)
σ 2n
√
logn

√
2.
We can use the lemma above to prove the following proposition.
Proposition 2.4. If f (z, t) ∈ Blog, then
σn = O
(
n
logn
)
, n → ∞,
and if
σn = O
(
n
(logn)
3
2
)
, n → ∞,
then f (z, t) ∈ Blog with probability 1, where σ 2n =
∑n
ν=1 ν2a2ν .
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n∑
ν=1
(ν + 1)2a2ν+1r2ν 
1
2π
2π∫
0
∣∣f ′(z, t)∣∣2 dθ  C 1
(1 − r)2(log e1−r )2
.
If we choose r = 1 − 1
n
, we get the desired condition.
For the sufficient condition we work as follows. First we observe that
|f ′(z, t)|
(1 − |z|) log e1−|z|

∑
n0 |Sn+1(θ, t)|rn
log e1−r

∑
n0(2σn+1
√
log(n + 1) + C)rn
log e1−r
,
where Sn+1(θ, t) =∑n+1ν=0(ν + 1)aν+1eitν+1eiνθ , and in the last inequality we used the lemma
above. Under the hypothesis for the growth of σn and due to the fact that 1(1−r2) log e1−r
=∑
n Anr
n
, where An ∼= nlogn , we conclude that f (z, t) ∈ Blog with probability 1. 
We present a few more remarks. It is obvious that there are unbounded Blog functions. For
example consider the function f (z) = log log e1−z . There are also bounded functions that they do
not belong in Blog. Particularly consider the inner function S(z) = eγ
z+η
z−η , where γ ∈ (0,1) and
η ∈ ∂D. Then
∣∣S′(z)∣∣(1 − |z|2) log e
1 − |z|2 = 2γ |z| exp
−γ 1−|z|2|z−η|2 1 − |z|2
|z − η|2 log
e
1 − |z|2 .
If we let z → η on the horocycle 1−|z|2|z−η|2 = c, we get that S /∈ Blog.
Actually this is not the only bounded function which does not belong in Blog. Consider
an interpolating Blaschke product. That is a product
∏
k1
zk−z
1−zkz , where {zk} ∈ D such that∑
k1(1 − |zk|) < ∞ and satisfies the following property. There exists δ ∈ (0,1) such that∏
k =j | zk−zj1−zkzj | δ, for each j ∈ {1,2, . . .}. Then we observe that for each j ,∣∣B ′(zj )∣∣(1 − |zj |2) log e1 − |zj |2 =
∏
k =j
∣∣∣∣ zk − zj1 − zkzj
∣∣∣∣ log e1 − |zj |2  δ log
e
1 − |zj |2 .
So, it is obvious that the interpolating Blaschke products do not belong in Blog. Another way to
see that the above remarks are true, is to observe that Blog ⊆ B0 = {f ∈ H(D): lim|z|→1 |f ′(z)| ×
(1 − |z|) = 0} and recall that these remarks hold for B0 [14].
We prove the following
Proposition 2.5. Let p > 1. If {zk} ∈ D is Blaschke sequence, not uniformly separated, then the
corresponding Blaschke product belongs in Blog if the measure μ = ∑k1(1 − |zk|)pδzk is a
2-logarithmic, p-Carleson measure.
Proof. For each z ∈ D, it is easy to see that
B ′(z)
B(z)
=
∑ 1 − |zj |2
(1 − zj z)(z − zj ) .
j1
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(
log
2
1 − |α|2
)2 ∫
D
∣∣B ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 ‖B‖Bloch
(
log
2
1 − |α|2
)2 ∫
D
∣∣(B ◦ φα)′(z)∣∣(1 − |z|2)p−1 dm(z)
 ‖B‖Bloch
(
log
2
1 − |α|2
)2∑
k1
(
1 − ∣∣φα(zk)∣∣2)
∫
D
(1 − |z|2)p−1
|1 − zφα(zk)|2
dm(z)
 ‖B‖Bloch
(
log
2
1 − |α|2
)2∑
k1
(
1 − ∣∣φα(zk)∣∣2)p
= ‖B‖Bloch
(
log
2
1 − |α|2
)2 ∫
D
∣∣φ′α(w)∣∣p dμ(w).
This finishes the proof. 
3. Composition operators mapping into Qplog spaces
Lemma 3.1. There exist two functions, f,g ∈ Blog such that
∣∣f ′(z)∣∣+ ∣∣g′(z)∣∣ C
(1 − |z|) log 2
(1−|z|)
(5)
where C is a positive constant.
Proof. We consider the function
f (z) = Kz +
∑
j1
zq
j+k0
logqj+k0
for q an appropriately large integer, K a properly small chosen positive constant and k0 the index
for which (4) holds for the sequence nj = qj . This function is a member of the Blog space. For
each integer k  1 and 1 − q−(k+k0)  |z| < 1 − q−(k+k0+ 12 ), we observe that
∣∣f ′(z)∣∣> ∣∣∣∣K +∑
j0
qj+k0
logqj+k0
zq
j+k0
∣∣∣∣
 q
k+k0
logqk+k0
|z|qk+k0 −
(
K +
k−1∑
j=1
qj+k0
logqj+k0
|z|qj+k0
)
−
∑
jk+1
qj+k0
logqj+k0
|z|qj+k0
= I − II − III.
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1
2 )
)q
− 12
, we see that if q is
large enough, then 13  |z|q
(k+k0)  ( 12 )q
− 12
, thus
I  1
3
.
qk+k0
logqk+k0
. (6)
Now we estimate the third summand
III  q
k+k0+1|z|qk+k0+1
logqk+k0
∑
j0
(
q|z|(qk+2−qk+1))j
= q
k+k0+1|z|qk+k0+1
logqk+k0
.
1
1 − q|z|(qk+2−qk+1)
= q
k+k0
logqk+k0
.
q(|z|qk+k0 )q
1 − q(|z|qk )q2−q .
So
III  q
k+k0
logqk+k0
.
q( 12 )
q
1
2
1 − q( 12 )q
3
2 −q 12
. (7)
Finally, since (4) holds, we get that
II K q
k+k0
logqk+k0
(
1 − 1
qk+k0+ 12
)
+ q
k+k0
logqk+k0
k−1∑
j=0
1
((1 − 	)q)k−j
K q
k+k0
logqk+k0
+ q
k+k0
logqk+k0
.
1
(1 − 	)q − 1 .
Combining the above we get
∣∣f ′(z)∣∣ qk+k0
logqk+k0
{
1
3
− 1
(1 − 	)q − 1 −
q( 12 )
q
1
2
1 − q( 12 )q
3
2 −q 12
− K
}
.
If K is so small that the quantity in the brackets is positive, then
∣∣f ′(z)∣∣ C qk+k0+ 12
q
1
2 logqk+k0
 C
(1 − |z|) log 2
(1−|z|)
.
Now with a similar argument for the function g(z) =∑j1 znjlognj , where nj is the integer
closest to qj+k0+ 12 , for q a large positive integer, we get
∣∣g′(z)∣∣ C′
(1 − |z|) log 21−|z|
, 1 − q−(k+k0+ 12 )  |z| 1 − q−(k+k0+1)
for k = 1,2, . . . .
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Now we are in a position to prove boundedness. The following theorem is similar to Theo-
rem 2.2.1(i) in [10].
Theorem 3.1. Let p > 0. If ϕ is an analytic selfmap of the unit disc, then the induced composition
operator Cϕ maps Blog into Q
p
log boundedly if and only if
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z) < ∞.
Proof. Let f ∈ Blog, then
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣(f ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
= sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣f ′(ϕ(z))∣∣2∣∣ϕ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z)‖f ‖2Blog .
For the other direction we use the fact that for each function f ∈ Blog, the analytic function
Cϕ(f ) ∈ Qplog. Then using the functions of Lemma 3.1 we get the following:
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
2
[∣∣(f ◦ ϕ)′(z)∣∣2 + ∣∣(g ◦ ϕ)′(z)∣∣2](1 − ∣∣φα(z)∣∣2)p dm(z)
 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
[∣∣(f ◦ ϕ)′(z)∣∣+ ∣∣(g ◦ ϕ)′(z)∣∣]2(1 − ∣∣φα(z)∣∣2)p dm(z)
= sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
[∣∣f ′(ϕ(z))∣∣+ ∣∣g′(ϕ(z))∣∣]2∣∣ϕ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 C sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z). 
Since every element of Qplog satisfies the following radial growth condition:
∣∣f (z) − f (0)∣∣C log(log 1
1 − |z|
)
‖f ‖Qplog , C > 0,
then Cϕ :Blog → Qplog is compact if and only if for every sequence {fn}n∈N ⊆ Qplog, bounded in
norm and fn →0, n→∞, uniformly on compact subsets of the unit disk, then ‖Cϕ(fn)‖Qp →0,log
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compactness.
Theorem 3.2. Let p > 0. If ϕ is an analytic selfmap of the unit disc, then the induced composition
operator Cϕ :Blog → Qplog is compact if and only if ϕ ∈ Qplog and
lim
r→1 supα∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z) = 0. (8)
Proof. Let Cϕ :Blog → Qplog be compact. That means that ϕ ∈ Qplog. Since ‖ z
n
n
‖Blog M and
zn
n
→ 0 as n → ∞, locally uniformly on the disc, then ‖Cϕ(zn)‖Qplog → 0, n → ∞. This means
that for each r ∈ (0,1),
∀	 > 0, ∃n0 ∈ N:
r2(n0−1) sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 	.
If we choose r  2−
1
2(n0−1) , then
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 2	. (9)
Let now f with ‖f ‖Blog < 1. We consider the functions ft (z) = f (tz), t ∈ (0,1). Due to
compactness of Cϕ we get that
∀	 > 0, ∃t0 ∈ (0,1): ∀t > t0,
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣(f ◦ ϕ)′(z) − (ft ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 	.
Thus, if we fix t ,
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(f ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 2 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(f ◦ ϕ)′(z) − (ft ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
+ 2 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(ft ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 2	 + 2∥∥f ′t ∥∥2H∞ sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
 4	
(
1 + ∥∥f ′t w‖2H∞), (10)
where in the last line we used (9).
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depending on f, 	, such that for r ∈ [δ,1),
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(f ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 	. (11)
Since Cϕ is compact it maps the unit ball of Blog to a relatively compact subset of Qslog. Thus
for each 	 > 0 there exists a finite collection of functions f1, f2, . . . , fN in the unit ball of Blog,
such that for each ‖f ‖Blog  1 there is k ∈ {1,2, . . . ,N} with
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
D
∣∣(f ◦ ϕ)′(z) − (fk ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 	.
Using also (11) we get that for δ = max1kN δ(fk, 	) and r ∈ [δ,1),
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(fk ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 	.
So combining the two relations above we get that
sup
‖f ‖Blog1
sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(f ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z) < 2	.
If we apply now Lemma 3.1, then we get that (8) holds.
For the sufficiency we use that ϕ ∈ Qplog and that (8) holds. Let {fn}n∈N be a sequence of
functions in the unit ball of Blog, such that fn → 0 as n → ∞, uniformly on the compact subsets
of the unit disc. Let also r ∈ (0,1). Then
‖fn ◦ ϕ‖2Qplog  2
∣∣fn(ϕ(0))∣∣2
+ 2 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|r}
∣∣(fn ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
+ 2 sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣(fn ◦ ϕ)′(z)∣∣2(1 − ∣∣φα(z)∣∣2)p dm(z)
= 2I1 + 2I2 + 2I3.
Since fn → 0 as n → ∞, locally uniformly on D, then the first summand goes to zero as n → ∞
and for each 	 > 0 there is n0 ∈ N such that for each n > n0, I2  	‖ϕ‖2
Q
p
log
. We also observe that
I3  sup
α∈D
(
log
2
1 − |α|2
)2 ∫
{|ϕ(z)|>r}
∣∣ϕ′(z)∣∣2 (1 − |φα(z)|2)p
(1 − |ϕ(z)|2)2(log 21−|ϕ(z)|2 )2
dm(z)‖fn‖2Blog .
Under the assumption that (8) holds, then for every n, that means for every n > n0 and for
every 	 > 0 there exists r0 such that for every r > r0, I3 < 	. Combining the above we get that
‖Cϕ(fn)‖Qplog → 0 as n → ∞, which proves compactness. 
We can also generalize the boundedness of Cϕ :Blog → Blog by proving the following
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weighted composition operator wCϕ :Blog → Blog is bounded if and only if
sup
z∈D
∣∣w′(z)∣∣ log log e
1 − |ϕ(z)|
(
1 − |z|) log e
(1 − |z|) < ∞ (12)
and
sup
z∈D
∣∣w(z)∣∣∣∣ϕ′(z)∣∣ (1 − |z|) log e(1−|z|)
(1 − |ϕ(z)|) log e1−|ϕ(z)|
< ∞. (13)
Proof. The sufficiency of the conditions can be proved immediately. In order to prove the ne-
cessity we work as follows. For α ∈ D we consider the function fα(z) = log log e1−ϕ(α)z . Since‖fα‖Blog M < ∞, where M is an absolute constant, and the operator is bounded we get that
M‖wCϕ‖Blog→Blog +
∣∣w(α)∣∣∣∣ϕ′(α)∣∣ (1 − |α|2) log e1−|α|2
(1 − |ϕ(α)|2) log e1−|ϕ(α)|2

∣∣w′(α)∣∣ log log e
1 − |ϕ(α)|2
(
1 − |α|2) log e
1 − |α|2 .
So it is enough to prove that supα∈D |w(α)||ϕ′(α)|
(1−|α|2) log e
1−|α|2
(1−|ϕ(α)|2) log e
1−|ϕ(α)|2
< ∞ in order both
(12), (13) hold.
For that we consider now the function fα(z) = 1log 1
1−|ϕ(α)|2
1
(1−ϕ(α)z) log e
1−ϕ(α)z
for which is true
that ‖fα‖Blog  (1 + 1(1−|ϕ(α)|2) log e
1−|ϕ(α)|2
).
Working with this function and having in mind that the operator is bounded we get(
1 + 1
(1 − |ϕ(α)|2) log e1−|ϕ(α)|2
)
‖wCϕ‖Blog→Blog
+ ∣∣w′(α)∣∣ (1 − |α|2) log e1−|α|2
(1 − |ϕ(α)|2)(log e1−|ϕ(α)|2 )

∣∣w(α)∣∣∣∣ϕ′(α)∣∣∣∣ϕ(α)∣∣ (1 − |α|2) log e1−|α|2
(1 − |ϕ(α)|2)2(log e1−|ϕ(α)|2 )2
.
But for fixed r0 ∈ (0,1) we get that
sup
{∣∣w(α)∣∣∣∣ϕ′(α)∣∣∣∣ϕ(α)∣∣ (1 − |α|2) log e1−|α|2
(1 − |ϕ(α)|2) log e1−|ϕ(α)|2
: α ∈ D, ∣∣ϕ(α)∣∣> r0
}
< ∞,
since the constant functions are elements of Blog.
It is also true
∣∣w(α)∣∣∣∣ϕ′(α)∣∣∣∣ϕ(α)∣∣ (1 − |α|2) log e1−|α|2
(1 − |ϕ(α)|2) log e1−|ϕ(α)|2
 r0
(1 − r20 ) log e1−r2
∣∣w(α)∣∣∣∣ϕ′(α)∣∣(1 − |α|2) log e
1 − |α|2 < ∞,0
724 P. Galanopoulos / J. Math. Anal. Appl. 337 (2008) 712–725for |ϕ(α)| r0, since the function f (x) = x log ex is strictly increasing in (0,1) and the fact that
the identity function is an element of Blog. 
Due to (12) it is true that
lim|ϕ(z)|→1
∣∣w′(z)∣∣(1 − |z|) log e
1 − |z| = 0. (14)
Finally, it is not difficult to prove now the following
Theorem 3.4. If ϕ is an analytic selfmap of the unit disc and w :D → C analytic, then the
weighted composition operator wCϕ :Blog → Blog is compact if and only if
lim|ϕ(z)|→1
∣∣w′(z)∣∣ log log e
1 − |ϕ(z)|
(
1 − |z|) log e
(1 − |z|) = 0 (15)
and
lim|ϕ(z)|→1
∣∣w(z)∣∣∣∣ϕ′(z)∣∣ (1 − |z|) log e(1−|z|)
(1 − |ϕ(z)|) log e1−|ϕ(z)|
= 0. (16)
Proof. Suppose wCϕ is compact on Blog. Let {zn} be a sequence in D such that |ϕ(zn)| → 1 as
n → ∞. Let also fn(z) = (log e1−|ϕ(zn)|2 )−1
(1−|ϕ(zn)|2) log e1−|ϕ(zn)|2
(1−ϕ(zn)z) log e1−ϕ(zn)z
, which is a uniformly bounded
family on Blog that converges to 0 uniformly on compact subsets of D. So ‖wCϕ(fn)‖Blog → 0
as n → ∞. Combining this, the following fact:∥∥wCϕ(fn)∥∥Blog

∣∣w(zn)∣∣∣∣ϕ′(zn)∣∣∣∣ϕ(zn)∣∣ 1 − (log
e
1−|ϕ(zn)|2 )
−1
(1 − |ϕ(zn)|2) log e1−|ϕ(zn)|2
(
1 − |zn|
)
log
e
1 − |zn|
− ∣∣w′(zn)∣∣
(
log
e
1 − |ϕ(zn)|2
)−1(
1 − |zn|
)
log
e
1 − |zn|
and (14) we get (16).
Working now with the family gn(z) =
(log log e
1−ϕ(zn)z )
2
log log e
1−|ϕ(zn)|2
, which has the same properties as {fn},
we get that∥∥wCϕ(gn)∥∥Blog  ∣∣w′(zn)∣∣ log log e1 − |ϕ(zn)|2
(
1 − |zn|
)
log
e
1 − |zn|
− ∣∣w(zn)∣∣∣∣ϕ′(zn)∣∣∣∣ϕ(zn)∣∣ (1 − |zn|) log e1−|zn|
(1 − |ϕ(zn)|2) log e1−|ϕ(zn)|2
.
From this and the fact that (16) holds we get that (15) is true.
The sufficiency of (15), (16) can be proved by using similar methods as in [5], so we omit the
details here. 
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